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Abstract 

Let (T, M) be a complete local domain containing the integers. Let pi C p2 ^ • • ■ ^ p„ be 
a chain of nonmaximal prime ideals of T such that Tp^ is a regular local ring. We construct 
a chain of excellent local domains An Q An-i C • • • C Ai such that for each 1 < i < n, 
the completion of Ai is T, the generic formal fiber of Ai is local with maximal ideal pi, 
and if / is a nonzero ideal of Ai then Ai/I is complete. Consequently, if in addition T is a 
UFD, we can construct a chain of excellent local UFDs An C An-i ^ • • • ^ satisfying 
the same conditions. 



1 Introduction 

We begin with some basic definitions. Let ^ be a local ring with maximal ideal M. We use 
A to denote the completion of A in the M-adic topology. If P is a prime ideal of A, then the 
formal fiber ring of ^ at P is defined to be A k{P)^ where k{P) = Ap/PAp. When A 
is a domain, we refer to the formal fiber ring at (0) as the generic formal fiber ring of A. If 
p G SpecA and K is the quotient field of A, then when A ®a K is local with maximal ideal 
p <^A K, we say that A has a local generic formal fiber with maximal ideal p. It is worthwhile 
to note that it is unusual for an integral domain A to have a local generic formal fiber, and 
normally there exist many nonzero ideals / of ^ such that A/ 1 is not complete. In this paper, 
we construct chains of excellent rings that do not satisfy these "usual" conditions. 

In 5 , Loepp and Rotthaus showed that for T a complete local domain containing the 
integers with maximal ideal M such that T/M is at least the cardinality of the reals, and p 
a nonmaximal prime ideal of T such that is a regular local ring, there exists an excellent 
local domain A such that the completion of A is T, the generic formal fiber of A is local with 
maximal ideal p and for any nonzero ideal / of A, A/ 1 is complete. 

In this paper, we improve the result from 5^ in two ways. We are first able to eliminate 
the condition that T/AI has to have the cardinality at least that of the reals. In addition, 
we extend the result to a chain of excellent local rings. In particular, we show that if T is a 
complete local domain containing the integers and pi C p2 ^ • • • ^ Pn a chain of nonmaximal 
prime ideals of T such that Tp^ is a regular local ring, then there exists a chain of excellent 
local domains An ^ ^n-i ^ ■ ■ ■ ^ such that for each i, the completion of Ai is T, the 
generic formal fiber of Ai is local with maximal ideal pi, and if / is a nonzero ideal of Ai 
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then Ai/I is complete. As a corollary, we show that if, in addition, T is a UFD, then we may 
construct a chain of UFDs that satisfy the same conditions. 

The construction of each Ai is similar to that in j^. In order to guarantee that the 
completion of each Ai is T, we make use of the result from (Proposition below), and 
show that IT r\ Ai = I for every finitely generated ideal I of Ai and Ai — > T/M"^ is onto. 
We also show that pi (1 Ai = (0) and if qi is a prime ideal of T not contained in pi, then 
Qi n Ai 7^ (0). This gives that the generic formal fiber of Ai is local with maximal ideal pi. 
We also need to ensure that Ai/I is complete for each nonzero ideal / oi Ai. 

To extend the result to a chain of excellent local rings, we take an approach similar to 
that in [2], and break the proof into two parts. First we construct a chain such that the 
conditions hold for the first ring of the chain. Then we use induction to refine the rest of the 
chain to obtain the desired rings. 

In the construction, we maintain a chain of subrings of T that satisfy some "nice" prop- 
erties. These are similar to the p-subrings in ^5, • But in order to get rid of the condition 
that T/M has to have at least the cardinality of the reals, we take care to ensure that each 
subring in the chain is a Small C Avoiding {SCA) subring as defined in We strengthen 
a Lemma from [T] and use SCA-subrings in place of p-subrings in all of our proofs. 

Throughout this paper, all rings are commutative with unity. When we say a ring is local, 
Noetherian is implied. And we call a ring with one maximal ideal that is not necessarily 
Noetherian quasi-local. We use (T, M) to denote a quasi-local ring T with maximal ideal M, 
and we use c to denote the cardinality of the reals. 

2 The Construction 

We use the following proposition from W to ensure the the completion of each Ai is T. 

Proposition 2.1. If{R,AIr]R) is a quasi-local subring of a complete local ring {T,M), the 
map R — > T/AP is onto andITnR = I for every finitely generated ideal I of R, then R is 
Noetherian and the natural homomorphism R — > T is an isomorphism. 

In our construction, we build subrings of T satisfying some "nice" properties. We follow 
the definition in ^ and call them S'CA-subrings. 

Definition 2.2. Let (T, M) he a complete local ring and C a set of prime ideals ofT. Suppose 
that {R,R f] R) is a quasi-local subring of T such that \R\ < \T\ and RO P = (0) for every 
P C. Then we call R a small C -avoiding subring of T and will denote it by SC A-subring. 

Lemma 12.31 is well-known, and a proof can be found in 1^. We implicitly use this Lemma 
in a couple of cardinality arguments. 

Lemma 2.3. Let (T, M) be a complete local ring of dimension at least one. Let P be a 
nonmaximal prime ideal ofT. Then \T/P\ = \T\ > c. 

The following lemma from will help us find transcendental elements. 
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Lemma 2.4. Let {T,M) be a complete local ring such that dimT > 1, C a finite set of 
nonmaximal prime ideals such that no ideal in C is contained in another ideal of C , and D a 
subset ofT such that \D\ < \T\. Let I be an ideal ofT such that L ^ P for all P (z C. Then 
I g \J{r + P\r G D,Pe C}. 

We now prove a stronger version of the above lemma which will be immediately applicable 
to our construction. Here we weaken the conditions on C and only require it to have finitely 
many maximal elements. 

Corollary 2.5. Let {T,M) be a complete local ring such that dimT >l,Ca set of nonmax- 
imal prime ideals with finitely many maximal elements, and D a subset ofT such that \D\ < 
\T\. Let L be an ideal ofT such that I <^ P for all P eC. Then L ^ \J{r + P\r eD,P e C}. 

Proof. Let C be the set of all maximal elements of C. So C is finite, and no ideal in C' is 
contained in another ideal of C. Let / be an ideal of T such that I P for all P £ C. So 
I %P' for ah P' e C. Then by LemmalOl I ^ + P'\r eD,P' e C'}. Now assume, for 
a contradiction, that I C |J{r + P|r £ D,P ^ C}. Then if x € /, we have x E r + P, for some 
r e D,P e C. But P C P' for some P' G C", so x G r + P'. Therefore, I C \J{r + P'\r G 
D, P' G C], a contradiction. It follows that / ^ + P|r G P*, P G C}. □ 

Recall that to satisfy the hypothesis of Proposition 12. ![ we need the map Ai — > T /M"^ 
to be onto. We also want that Ai/L is complete for every nonzero ideal / of Ai. Note 
that if T is the completion of vlj, / is a nonzero ideal of Ai and Ai T/LT is onto, then 

ker(^i ^ r//r) = AiCiIT = I. So 4^ ^ ^ 7^ ^ 4^ is complete. To satisfy this 

condition and ensure that Ai T/M"^ is onto, we construct Ai such that Ai T j Ji is onto 
for every ideal Jj of T that is not contained in the ideal pi. It turns out that this condition 
will also help us to show that Ai is excellent. 

For Ji an ideal of T not contained in pj, and u ^ T / Ji, we, use the following 2 lemmas 
to construct SCj^-subrings of T satisfying certain properties. These lemmas will be used to 
guarantee that Ai T j Ji is onto. 

Lemma 12.61 is our first attempt to generalize Lemma 3 in ^5^ to the chain version. Here 
we show that the desired properties hold for "one end" of the chain. Later we further extend 
this result by induction. This approach is similar to that in P). 

Lemma 2.6. Let (T, M) be a complete local ring with dimT > 1, pi ^ P2 ^ • • • ^ Pn « chain 
of nonmaximal prime ideals ofT and J an ideal ofT with J ^ pn, and J ^ Q,\/Q G AssT. 
Let Ci = AssT U {pi}- Let Rn ^ P„_i C • • • C P^ be a chain of subrings of T, where Ri 
is an SCiA-subring for each 1 < i < n. Let u G T/ J . Then there exists a chain of infinite 
subrings Sn ^ Sn-i ^ ■ ■ ■ Q Si ofT with Ri C 5^ C T, where Si is an SCiA-subring for each 
1 < i < n, and u G Img[Sn — > J). Moreover, ifu = 0, then Sn^ J (0). 

Proof. Let C = AssT U {pi, . . . and let P & C. Define i^(p) to be a full set of coset 
representatives of the cosets t + P that make (u + t) + P algebraic over j^ff\p as an element 
of T/P. Then |-D(p)| < max(|Pi |, b^o). Since Pi is an S'Ci^-subring, we have |Pi[ < |r[. 
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It follows that |L»(p)| < |r|. Clearly, J ^ PyP e C. Let D = Upec-^(P)- Note that 
\D\ < \T\. Use Corollary E31 to find x e J such that x U{^ + P\r e D,P € C}. We define 
Si = Ri[x + u] localized at Ri[x + u] D M. Since we are adjoining the same element, clearly 
Sn ^ Sn~i ^ • • • C Si. And note that each Si is infinite. We claim the S^'s are the desired 
SCjvl-subrings. 

Since \Ri\ < \T\ and Si = max(|i?i|, i^o)i we have \Si\ < \T\. Suppose Pi E Cj. Then if 
fi & Ri[u + x] n Pi, we have 

fi = ri^n{u + x)"- H h ri^i{u + x) + r^^o G Pi- 

So /j = modulo Pi. Since {u + x) + Pi is transcendental over ^^^p , it is transcendental 

over -^^p- = Ri- Thus rjj- = modulo Pi for each j. Then rjj G Pj, and rjj- & PidRi = (0). 
Hence, Sj fl Pj = (0) and it follows that Si is a SCj^d-subring. Note that under the map 
Sn — > T/J,u + xis mapped to u + J. Hence u € Img{Sn — > T/J). Also, if u = 0, then 
u + X E J. Since {u + x) + Pn is transcendental over i?„ as an element of T/pn, we have 
u + x^O. It follows that S^ n J / (0). □ 

Now we are ready to give the full chain version of Lemma 3 in 5 . We argue inductively 
from Lemma l'2. 61 

Lemma 2.7. Let {T,M) be a complete local ring with dimT > I, pi Q P2 ^ ■ ■ ■ Pn 
chain of nonmaximal prime ideals of T and Ji, J2 ■ ■ ■ Jn n ideals of T with Ji ^ pi for each 
1 < i < n, and Ji ^ Q,yQ e AssT. Let d = AssT U {pi}. Let i?„ C R^_i C ■ ■ ■ Q Ri be 
a chain of subrings of T, where Ri is an SCiA-subring for each 1 < i < n. Let Ui E T/Jj 
for each i. Then there exists a chain of infinite subrings Sn C Sn-i ■ ■ ■ Q Si of T with 
Ri Si CI T , where Si an SCiA-subring for each 1 < i <n, and Ui E Img{Si — > T / Ji) for 
every i. Moreover, ifui = 0, then Sid Ji ^ (0). 

Proof. We will induct on n. The base case is clear if we let n = 1 in Lemma 12.61 Assume 
given a chain of n — 1 prime ideals we can find a chain of n — 1 desired SCj^d-subrings. Now 
consider the case with n prime ideals. Use Lemma 12.61 to find a chain of n subrings S'^ C 
S!^_i ^ • • • C SJ such that S'^ is an SCj^-subring, Ri C S'^ Q T, Un G Lmg{Sn — > T/Jn), 
and if u„ = 0, then S^ n 7^ (0). 

Next use the inductive hypothesis on the chain S'^_^ C S'^_2 ■ ■ ■ S[ to find Sn~i ^ 
Sn-2 ^ ■ ■ ■ ^ S*! such that for 1 < i < n — 1, Sj is an SCj^d-subring, Ri C S'- ^ Sj C T, 
Ui E Jmg{Si — > T / Ji), and if Ui = 0, then SiCi Ji ^ (0). 

Finally, let 5„ = S'^. We have 5„ = 5^ C S'^_^ C Sn-i- Hence, we have constructed the 
chain: Sn C 5^-1 C • • • C Si as desired. By induction the lemma holds. □ 

The following two lemmas are the generalization of Lemma 2.6 from pp. We need this to 
show that IjT Ai = Ji for each finitely generated ideal Ij of Ai. The proof again is broken 
up into two steps similar to the ones in the previous two lemmas. 

Lemma 2.8. Let {T,M) be a complete local ring with M AssT and dimT > 1. Let 
Pi ^ p2 • • • C p„ 6e a chain of nonmaximal prime ideals of T. Let Ci = AssT U {pi} 
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and Rn ^ Rn-i ■ ■ ■ Q Ri o, chain of subrings of T where Ri is an SCiA-subring for each 
1 < i < n. Suppose I is a finitely generated ideal of Rn and c E IT fi Then there exists 
a chain of subrings Sn C C • • • C Si of T such that for each 1 < i < n, Ri ^ Si T , 

Si is an SCiA-subring and c G ISn- 

Proof. We will induct on the number of generators of /. If / is principal, / = ai?„, for 
some a € Rn- If a = 0, then / = (0) and c € IT fi i?„ implies c = 0. So Si = Ri gives 
the desired SCiA-suhvmgs. So we consider the case when a ^ 0. In this case, c = au 
for some u & T. We claim that Si = Ri[u](^ji^[u]nM) are the desired SCj ^-subrings. To 
see this, first note that \Si\ < \T\ for each i = 1,2,... ,n. Now let Pi € Cj and suppose 
fi = rnu"- + • • • + riu + ro € Ri[u] Pi Pi. Multiplying through by a", we obtain a"/j = 
r„(au)" + • • • + ria^~^{au) + r^a"'. Since a e Rn ^ Ri, and Ri D Pi = (0) for each Pi £ Ci, 
it follows that a"/j = r„c" + • • • + ria"~^c + roa" £ Pi H Ri = (0). Since C„ contains all 
associated primes of T, and a € -Rn which is a SCn^-subring, we know a is not a zero divisor 
in T. Then it must be the case that / = 0. Thus Si is an SCiA-suhimg and this proves the 
base case. 

Now suppose the Lemma holds for all / generated by m — 1 elements. Consider the case 
when I has m generators. Let / = (yi, . . . , ym)Rn- Since c € IT n c = yiti + • • • + Umtm 
for some ti, . . . , tm G T. Note that by adding 0, for any t £ T, c = yiti + yiy2t — yiy2't + 
y2*2 + • • • + ymim = + y2t) + ^2(^2 - yit) + yzh + • • • ymtm- Let xi = ti + y2t and 
^2 = t2 — yit, where we will choose t later. Let C = AssT U {pi, . . . and P £ C. Note 
that y2 ^ P since 7/2 € ^n, 2/2 7^ 0, and Rn n P = (0). Thus, i + -P / t' + P implies 
{ti + 2/2*) + -P 7^ (^1 + 2/2*') + -P- Let -D(p) be a full set of coset representatives of the cosets 
t + P that makes xi + P algebraic over ^^^p . Let D = IJpg^-D(p). Note that |D| < \T\. We 
use Cor ollarv 12.51 with / = T to find an element t £ T such that xi + P is transcendental over 
f^ff\p for every P £ C. Then xi + Pj is transcendental over ^^p. = Ri for every Pi £ Ci. 
As in the proof of Lemma IT^ we may show that R'i = -Ri[xi](^.[^.^]nM) are 5Ci^-subrings. 
Let I' = (y2,... ,yni)R'n and c* — c — yi^i. So c* € /'T n Then by our inductive 
hypothesis, there exists a chain of subrings 5'„ C • • • C such that R'^ C Si C T, S'j is an 
iSCj^-subring, and c* G I' Sn- Thus c* = y2S2 + • • • + ymSm for si, . . . , Sm ^ Sn- It follows 
that c = yixi + ^2*2 + • • • + ymSm & ISn- And since Ri C i?^, we conclude that Ri Q Si T 
and the Sj's are the desired 5CjA-subrings. □ 

Lemma 2.9. Let {T,M) be a complete local ring with M AssT and dimT > 1. Let 
Pi Q P2 Q ' ' ' Pn be a chain of nonmaximal prime ideals of T. Let Ci = AssT U {pi} 
and Rn Q Rn-i ^ ■ ■ ■ Q Ri 0, chain of subrings of T where Ri is an SCiA-subring for each 
1 < i < n. Let Ii, I2 ... In and ci, C2 . ■ ■ Cn be such that T is a finitely generated ideal of 
Ri with Ci € liT n Ri- Then there exists a chain of subrings Sn ^ Sn-i C • • • C o/T such 
that for each 1 < i < n, Ri C. Si CT, Si is an SCiA-subring and Ci G liSi- 

Proof. We will induct on n. The base case clearly holds if we let n = 1 in Lemma 12.81 
Assume that given a chain of n — 1 prime ideals and the corresponding chain of subrings, we 
can find a chain of n — 1 desired S'Cij4-subrings. Now consider the case with n prime ideals. 
Use Lemma 12.81 to construct a chain of subrings S'n ^ 'S'^-i ^ ' ' ' S[ such that for each i, 
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Ri ^ S'^ C T, is a SCiA-suhi'mg, and c„ G /n'S'n- We let Sn = S'^ and use our inductive 
hypothesis on the chain S'^_i C • • • C S'J to find a chain of subrings Sn-i ^ • • • ^ such 
that Ri C 5j' C C T, is SCjA-subring, and q E /jS'j. Since = S'^^ CI S'^_-^ C ^n^i, 
we have constructed a chain of subrings C • • • C Si satisfying all the conditions. By 
induction, our lemma holds. □ 

The following definition is from [3]. 

Definition 2.10. Let il. be a well-ordered set and a S 17. We define 7(a) = sup{(3 G Q\P < 
a}. 

Lemma 12.111 is the generalization of Lemma 5 from I5I . Here we construct a chain of 
SCjA-subrings that simultaneously satisfy many of the desired properties. Condition [iii) 
and (v) will help us to show that the completion of Ai is T. Condition (iv) is needed to 
ensure that the generic formal fiber of Ai is local with maximal ideal pi. 

Lemma 2.11. Let {T,M) be a complete local ring with dimT > 1, pi Q P2 ■ ■ ■ Q Pn cl 

chain of nonmaximal prime ideals of T and Ji, J2 ... Jn n ideals of T with Ji ^ pi for each 
1 < i < n. Let Ci = AssT U {pj}. Let Rn C Rn-i CL ■ ■ ■ C Ri be a chain of subrings of 
T, where Ri is an SCiA-subring. Let Ui G T/Ji for every i. Then there exists a chain of 
subrings Sn C Sn~i ^ • • • ^ 5"! ofT such that for every 1 < i < n 

(i) Si is an SCiA-subring, 
(n) R^<ZS,C T, 

(iii) Ui G Lmg{Si — > T/Ji), 

(iv) ifui = 0, then Si H Ji (0), and 

(v) For every finitely generated ideal L of Si, we have LT f] Si = L. 

Proof. Use Lemma 12.71 to find a chain of infinite subrings i?n,o ^ Rn-1,0 ^ ■ • • ^ ^1,0 such 
that for each 1 < i < n, Ri^ is an 5Cjj4-subring, Ri C RiQ '^T,Ui& Img{Rifi — > T/Ji) 
and if Ui = 0, then Ri^ n Jj 7^ (0). We construct Si to contain Rifl, so conditions (ii) — {iv) 
will follow automatically. Now for each 1 < i < n, define 

iii = {iIi,Ci)\Li is a finitely generated ideal of Ri Q and Cj G IjT n Rifl}. 

Since Ij can be Rifl, we have \Rifl\ < \^i\, and since |-Ri,o| is infinite and there are |i?i,o| finite 
subsets of Rifl, we have \Qi\ < |i?i,o|- So \Qi\ = |-Rj,o|- Well-order each Jlj so that it does 
not have a maximal element. Note that ((0),0) G for all i. Suppose 0/ is a set with the 
maximal cardinality, let ^ be its index set. We use ^ to index each fij, and when \Qi\ < 
we simply append extra ((0),0)'s. Now define 

= A{(Oi X O2 X • • • X fin)}- 
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where A denotes the diagonal. We can naturally well-order using ^. Next, we recursively 
define n families of S'CjA-subrings, starting with Rnfi C Rn-ifl C • • • C Ri^. We take care 
to preserve the ascending chain structure at each step. Let a & Q. Assume Rn,p C R^-i^p C 
••• ^ Rij^ has been defined for each (3 < a. 7(a) = ((/i, ci), (I2, C2), (Inj c„)) for some 
finitely generated ideal Ij of Ri^ and Cj G IjT n Ri^. If 7(a) < a, use Lemma f2.9l to find 
Rn,a ^ Rri-i,a ^ ' ' ' ^ such that Ri^a is an 5Cj^-subring, Ri^^^a) ^ -^i.a ^ T and q G 
liRi.a- If 7(a) = define Ri^a = U/3<a -^i,/3- We still need to show that the chain condition 
holds in this case. Let 1 < a < h < n, and C £ Rh,a- Hence Q G R^^p for some /? < a. Since 
each of Ri^p has been defined to preserve the chain, we have C, G Rafi ^ Ra,a- It follows that 
Rh,a ^ -Ra,«) as desired. Now, define Ri^i = UaeQ-^i.a- Since Rn,a ^ Rn-i,a C ••• C 
holds for each a G it follows that C x C • • • C i?i 1. It is easy to verify that 

Ri^i is an SCj^-subring, for each i = 1,2, ... ,n. Also, if /j is a finitely generated ideal of 
Rifl, and Cj G hT n i2i,o, then ((/i,ci), . . . , (/i,Cj), . . . (/„,c„)) = 7(a) for some a G 17 with 
7(a) < a. So, Cj G Iiiij,Q, C Ijiij^i. Hence I^T n Ri^ C Ijiij^i. 

Repeat this process to obtain a chain of S'Cj^-subrings Rn,2 Rn-1,2 Q • • • Q Ri,2 such 
that JjT n Ri^i C IiRi^2 Continue to construct an ascending chain Ri^ C R^ i C • • • such 
that for each j, Rnj C Rn-ij ^ • • • ^ ^ij- is a chain of S'Cj A-subrings, and for each finitely 
generated ideal Ij of Ri^m, liT n Ri^m ^ liRi^m+i- Then S'j = U^i is an 5Cj^-subring. 
Clearly Sn C 5„_i C • • • C ^i. If / is a finitely generated ideal of 5j, then some Ri^n contains 
a generating set for /, say {yi, . . . , yk\ C Clearly I C ITnSi. Now let c G ITnSi, then 
c G -Ri,m for some m>n. Hence c G (yi, . . . , yk)Rm+i ^ It follows that / = IT n S'j. □ 

The following lemma is a generalization of Lemma 6 in i5j . Here we construct a chain of 
rings Ai satisfying all conditions we desire except that Ai might not be excellent. 

Lemma 2.12. Let {T,M) be a complete local ring with dimT > 1 and such that no integer 
of T is a zero-divisor. Let pi P2 ^ • • • ^ Pn be a chain of nonmaximal prime ideals of 
T , such that pi contains all the associated prime ideals of T. Suppose that pn intersected 
with the prime subring of T is the zero ideal. Then there exists a chain of local domains 
^ An-i ^ • • • ^ j4i such that for each 1 < i < n 

(%) Ai = T, 

(ii) if Pi is a nonzero prime ideal of Ai, then T k{Pi) — k{Pi), where k{Pi) = 
Ap. 
PiAp. ' 

(Hi) the generic formal fiber of Ai is local with maximal ideal pi, and 

(iv) if I is a nonzero ideal of Ai, then Ai/I is complete. 

Proof. Let Cj = AssT U {pi}. Define n sets Vti, • • - i to be such that 

ilj = {u + Ji G T / Ji\Ji is an ideal of T with Jj ^ pi}. 

Since T is Noetherian, then each ideal of T is finitely generated. Hence |{Ji| Ji is ideal of T 
and Ji % pi}\ < \T\. Now, if J is an ideal of T, then \T/J\ < \T\. It follows that for each 
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1 < i < n, < \T\. Well order so that each element has fewer than predecessors. 
Note that + M € for each i. By using the same technique as in the proof of Lemma 
12.111 we use the same index set for all n orderings, call this index set ^. Next define 

= A{(Oi X il2 X • • • X ft„)}. 

We can naturally well order using ^. Let denote the first element of 0,. Let R'q be 
the prime subring of T and for each 1 < i < n, let Rifi = ^o(_R'nAf)- Note that Ri^ is an 
SCiA-suhfrng and the condition Rnfl ^ Rn-ifl ^ • • • C Ri q holds trivially. 

Next, we recursively define n families of SCj^-subrings and take care to preserve the 
chain structure of the S'CjA-subrings at each step. Rnfl C Rn-ifl C • • • C Ri q is already 
defined. Let X £ fl. Assume Rn^/s ^ Rn^i^p ^ • • • ^ Ri^p has been defined for each j3 < \. 
Then 7(A) = ((ui + Ji), {u2 + J2), • • • , {un + Jn)) for some ideals Jj of T with Jj ^ pj. If 
7(A) < A, use Lemma [2. Ill to obtain a chain of S'Cj^-subrings Rn,x ^ Rn-i.x ^ • • • ^ ^i,a 
such that i?j.^(A) ^ Ri,\ ^ 7", and Ui + Ji G Img{Ri^\ — > Tj Ji). Moreover, if Uj + Jj = + Jj, 
then i?j ;^ n Ji 7^ (0), and for every finitely generated ideal / of Ri^\^ we have IT n Ri^\ = /. 
If 7(A) = A, define Ri^\ = U/3<a ^i,/3- We still need to show the chain condition holds in this 
case. Let 1 < a < b < n, and ( E Rb,x- Hence C G Rb,p for some (3 < X. Since each of Ri p 
has been defined to preserve the chain, we have ( € Ra,/3 ^ Ra,x- Thus i?„_A ^ Rn-i,\ ^ 
• • • ^ -Ri,A holds for each A € and is an SCj^-subring. Let Ai = UAen-^«,A) clearly 
An ^ ^ ■ ■ ■ ^ ^1 and we claim this is the chain of the desired domains. 

We first prove condition {Hi). Since each Ri^\ is a S'Cj A-subring, we have Ri^\ ^Pi = (0). 
Hence, A^Hpi = (0). Next, let Ji be an ideal of T with Jj ^ pj, then + Jj G Qi. So there 
exists A G with 7(A) < A and 7(A) = ((ui + Ji), (n2 + J2), . . . , (0 + Jj), + Jn))- By 

our construction, Ri x (iJi^ (0). It follows that n Jj / (0), VJj an ideal of T with Ji ^ p,. 
Thus, the generic formal fiber of Ai is local with maximal ideal pi. 

To show (i), we make use of Proposition 12.11 Since pi is nonmaximal, we have ^ p^. 
Thus by our construction, the map Ai — > T/M'^ is onto. For every finitely generated ideal 
/ of ^j, clearly / C IT H Ai. Let / = {yi,y2, ■ ■ ■ , Vk) be a finitely generated ideal of Ai and 
c E IT n Aj. We have (c, yi, . . . , y/c) C Ri x for some A € O with 7(A) < A. By construction, 

{yi,---,yk)TnRi^x = {yi,---,yk)Ri,\- Hence, cG {yi,...,yk)TnRi^x = (yi, ■ ■ ■ ,yk)Ri,x c /. 
We thus have IT D Ai = I. It follows from Proposition 12.11 that Ai is Noetherian and the 
completion of Ai is T. 

Next, let I be a nonzero ideal of A^. Let Ji = IT. Suppose Ji ^ Pi, then / ^ Jj H C 
Pi D Ai = (0), a contradiction. Hence, Ji % Pi. It follows that the map Ai — > T/IT is 
surjective. The kernel of this map is Ai n IT = I. Hence Ai/I = T/IT, which implies that 
Ai/I is complete. 

Finally, if Pi is a nonzero prime ideal of Ai, then by the above paragraph, we have 
that Ai/Pi ^ T/PiT. It then follows that T k{Pi) ^ {T/PiT)^^ ^ {Ai/Pi)^^ ^ 
AipjPiA,p^=k{Pi). 

And this completes the proof. □ 
Now we prove that each Ai is excellent and thus conclude our main theorem. 
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Theorem 2.13. Let {T,M) be a complete local domain containing the integers. Let pi C 
P2 C ■ ■ ■ C pn be a chain of nonmaximal prime ideals of T such that Tp^ is a regular local 
ring. Then there exists a chain of excellent local domains An C C • • • C such that 

for each 1 < i < n, the completion of Ai is T, the generic formal fiber of A^ is local with 
maximal ideal pi and if L is a nonzero ideal of Ai, then Ai/L is complete. 

Proof. Notice that since T is a local domain, in order for the chain pi ^ • • • C p„ to exist, 
we must have dimT > 1. We use Lemma 12.121 to construct the chain of local domains 
An ^ An-i Q ■■■ Q Ai. Then we only need to show that for each 1 < i < n, Ai is 
excellent. Since Ai is local (and thus Noetherian), to show Ai is universally catenary, we 
only need to show Ai is formally equidimensional. Hence, it suffices to show that Ai = T is 
equidimensional. This is true since T is domain. 

Next, we show Ai is G — ring for each i. Let Pi be a nonzero prime ideal of Ai. By Lemma 
I2.12( T®Aik{Pi) = k[Pi) is regular. Let L be a finite field extension of k{Pi). We want to show 
T^Ai L is regular. Here we make use of a fact that if M is an i?-module, then M R = M. 
Hence we have: T(^a,L ^ T0AAHPi)^k{P,)L) = {T (^AMPi))<^k{P,)L = k{Pi)®k(Pi)L = L 
is regular. 

Now the only thing left to show is that the generic formal fiber of Ai is geometrically 
regular. First, recall that if is a regular local ring, then Rp is a. regular local ring VP € 
Spec-R. So Tp^ being a RLR implies that Tp. = iTp„)p^Tp„ is a RLR. Then, T ®Ai = Tp. 
is regular. Next, we want to show that T CS^. L is regular, V finite field extension L of k(0). 
Since k{0) = 74j(o)/(0)Aj(o) is the quotient field of Ai, it is a field of characteristic zero. 
Thus by Rotthaus' notes in |2j, we may assume that L is purely inseparable. Since k(0) is 
characteristic zero, it must be that L = k{0). Hence, it follows that Ai is excellent for each 
1 <i<n. □ 

Finally, the following corollary extends the results to UFDs. 

Corollary 2.14. Let [T,M) be a complete local unique factorization domain containing the 
integers. Let pi ^ P2 ^ ■ ■ ■ Pn be a chain of nonmaximal prime ideals of T such that Tp^ is 
a regular local ring. Then there exists a chain of excellent local UFDs An C An-i ^ • • • C j4i 
such that for each 1 < i < n, the completion of A^ is T, the generic formal fiber of Ai is local 
with maximal ideal pi and if L is a nonzero ideal of Ai, then Ai/I is complete. 

Proof. We use Theorem 12 . 1 31 to construct a chain of excellent local domains An C An-i C 
■ ■ ■ ^ Ai. It remains to show that each Ai is a UFD. But this follows immediately from the 
fact (see Exercise 20.4 in j^) that for a local ring A, if A is a UFD, then so is A. □ 
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